Solutions to the Exercises

Exercise 1. By 1.2, L < L(G), so as L(G) = E(G) by hypothesis, we have L < E(G).
Therefore L acts on each component of G and centralizes F(G) by 1.1.2. Hence by 1.1.3,
there exists a component D of G not centralized by L. Set Dy = DD!; we may assume
G = DyL(t). In particular, [G,t] < Dy.

If ¢ centralizes D then D is a component of Cg(t), so by 1.1 and as L does not
centralize D, we have L = D, so that (1) holds in this case. Thus we may assume ¢
does not centralizes D, so Dy = [G,t]. Now F'*(G) = Do X, where X = Cp« ) (Dy). As
Dy =[G,t], [X,t] < Z(X)=Z,s0 Zy = Z(t) I Xo= X(t). Thus if K is a component
of X then [K,Zy] =1 (cf. 31.4 in [FGT]), so K is a component of C(t). Hence by
1.1, either K = L or K centralizes L. In the first case (1) holds, so we may assume L
centralizes E(X). We've seen that L centralizes I'(G) = F(X), so L < Cgg)(X) = Dy.
Thus if Dy = D then (2) holds, so we may assume D # D! Set Y = {dd': d € D} and
observe the map ¢ : d — dd' is a homomorphism of D onto Y, so as D is quasisimple,
so is Y. Further Cp,(t) = YCyz(p,)(t) so Y = E(Cp,(t)) and then as L is a component
of Ci(t), we conclude that L =Y, so that (3) holds.

Exercise 2. First we prove the two parts of Lemma 5.4.

(1) Let Sy = ker(a). First ¢ is a well defined injection, since for z,y € S we have
ra = yo iff 2y~ € Sy. Then as Sy is strongly closed in S and ¢ is a monomorphism,
ry~t e Sy iff (zy=)g € Sy iff z¢ € So(yo) iff xpa = yoa.

Also ¢ : Pa — Qa is a homomorphism: ((zy)a)¢® = (zy)pa = (x¢ - yd)a =
zpa - ypa = (za)o” - (ya)p®.

(2) Let ¢ € homz(P,Q) and x € ker(a)p). Then za =1, so (za)¢p™ = 1¢* = 1. But
(ra)9p® = x¢a, so x¢ € ker(a). As this holds for all ¢ and z € ker(q)p), it follows from
the definition of strong closure that ker(«) is strongly closed in S with respect to F.

Now we prove Lemma 7.1. Here 6 : S — ST = S/Sj is the natural map 6 : = —
xt =x8y. For P,Q < S, PT = P and ¢ : P* — Q7 defined by ¢t : 2™ — (z¢)7" is
the map ¢Y from Lemma 5.4. Thus by 5.4.1, ¢7 : P* — Q7 is a well defined injective
homomorphism.

As Sy 9 F, ¢ extends to ¢ € homz(PSp, QSp); observe that ¢7 = ¢+ as a map
from Pt = (PSy)* to QT = (QSp)". Thus we may always choose P,Q to be the full
preimage of PT and Q% in S; that is choose Sy to be contained in P and Q.

Now if ¢t € homyg+ (PT,Q") and ¥ € homz+ (QF, RT), then as Sy is contained in
P,Q,R, ¢ € homz(P,Q) and ¥ € hom£(Q, R), so as F is a category, ¢p9) € homz(P, R).
Then for z € P, 27 (¢¢)" = (2¢y)" = ((z¢)¥)*, while 27 (¢¥97) = ((z7)¢" )T =
((xp) )™ = ((wp)h) ™. Therefore (¢pyp)T = ¢, Also if id is the identity map on P,
then (id)™ is the identity map on P*, so F7 is indeed a category.

Let s € S with P® < ). Then as F is a fusion system, ¢; : P — @ is in hom (P, Q),
while for z € P, (z%)(cs)™ = (zce)T = (@)t = (@) = (27)(csr), 50 cor €
homz+ (PT,QT).
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Finally as F is a fusion system, ¢ : P — P¢ and its inverse ¢—! : P¢ — P are F-maps.
Then ¢ : P* — PT¢T is a Fr-map and for y* € Pto™, (y")(¢71)" = (yo~ )T, so
(71T = (¢7)~L. Thus FT is a fusion system.

By definition of F*, ¢ = ¢ € homz+ (PT,Q%), so from section 5, § : F — F+
is a morphism of fusion systems. Thus it remains to show that 6 is surjective. By
construction, 6 : S — ST is surjective, and by definition, for each ¢t € hom g+ (P, Q1),
¢t = ¢, completing the proof.

Exercise 3. As S is quaternion of order m > 16, S = (x,y) where |y| = m/2, |z| = 4,
y® =y~ and 22 = 7z is the involution in Y = (y). The set S of subgroups of S consists
of the set Y of subgroup of Y, the set X of subgroups (zy’), each of order 4 and squaring
to z, and the set Q of subgroups (y’, xy’), such that y* ¢ Z = (z), each of which is
quaternion of order 2|y‘|. As the automorphism group of a cyclic 2-group is a 2-group,
Aut(T) is a 2-group for T € Y U X. Similarly if T = (y’,z) € Q and |y’| > 4 then
Y7 = (y) is the unique cyclic subgroup of T of index 2, and hence characteristic in 7.
But then if « is an automorphism of T' of odd order then « is trivial on Y7 and T'/Y7,
so « is trivial. Thus the set Qg of Qg-subgroups of S is the set of subgroups ) such that
Aut(Q) is not a 2-group; indeed Aut(Q) = Sy.

Suppose F is a saturated fusion system on S. By Alperin’s Fusion Theorem, F =
(Autz(R) : R € FIm¢). Let R € F/e. If Aut(R) is a 2-group then Autz(R) is a 2-group.
But as R is radical, Inn(R) = Oz(Autz(R)) = Autz(R), so Ns(R) = RCs(R) = R, as
R is centric. Therefore R = S if Autz(R) is a 2-group. Thus we have shown:

(a) FIre = {S}UR, where R = {R € Qg : Autz(R) is not a 2-group}.

Indeed as m > 8, for Q € Qg, Autg(R) = Dsg, so as Aut(Q) = Sy, Q € R iff
Autz(Q) = Aut(Q). Then by Alperin’s Fusion Theorem:

(b) F = (Autg(95), Aut(R) : R€ R).

Thus by (b), F = S, Fi, Fa, or F12. To show each of these systems F is saturated,
it suffices to show there exists a finite group G(F) with Sylow 2-subgroup S such that
F = Fs(G(F)).

By definition, S = Fg(S); that is G(S) = S and S is saturated.

Let G = SLs(q) with (¢ — 1) = m. Then S € Sylo(G) and for each Q € Qs,
O?(Ng(Q)) =2 SLy(3), so Q € R. Therefore Fg(G) = Fy 2; that is G(F12) = G.

Similarly suppose ¢ = ¢ is a square. Then the centralizer Hy of a involutory field
automorphism of G is isomorphic to SLs(qg) and we may choose notation so that S acts
on Hy. Set H = HyS, so that |H : Hy| = 2 and Hq = O?(H). We may choose notation
so that Q1 < Hp; thus from the previous paragraph, O?(Npg,(Q1)) = SL2(3). On the
other hand Q2 % Hy, so O?(Ny(Q2)) = 1. Thus setting & = Fs(H), R(£) = QF, so
&= fl; that is H = G(fl)

Let M be a quaternion group of order 2m with S < M. Then for some y € M — S,
QY = Q2, so if « is conjugation by y then o € Aut(S) with Q1 = Q2, so

Fra* = (Autg(S), Aut(Qq))e* = (Auts(S)a*, Aut(Q1)a*) = (Auts(S), Aut(Qy)) = Fo.

Exercise 4. By assumption in Lemma 6.3, @) is strongly closed in S. Thus by Lemma
6.2 it suffices to show that @ is contained in each member of F/7.
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Let R € F/™ as Q1 < F, Q1 < R by 6.2. By 6.4 there is a model G for Nx(R)
and R = O,(G). Thus T' = Ng(R) € Syl,(G) and Ce(R) < R. Set P = Ng(R), so that
P <T.Set Pr=RNP. As Q is strongly closed in S, P < G and [P, R] < Pg.

As @i <Rand @1 < F, Q1 < G. Therefore H=Cg(Q1) < G. By assumption
in 6.3.2, Aut(Q1) is a p-group, so Autz(Q1) is a p-group. Therefore OP(G) < H.

By assumption in 6.3.2, Q/Q is abelian, so [P, Pr] < @Qi;. Therefore [H,P] <
Cu(R/Pr)NCy(Pr/Q1), so as H centralizes ()1, as Q1 and Pg are normal in G, and
as Cg(R) < R, it follows that [H, P] < R. Then as OP(G) < H, [OP(G),P] < R, so
P < 0,(G) = R. Therefore Q = P < R, completing the proof.

Exercise 5. (1) implies (2): Let 1 # X be a 2-subgroup of K and g € Ng(X), Then
14X =X9<KnNKY, soas K is tightly embedded, K = K9. Thus Ng(X) < Ng(K).
Let h € G with X" < K. Then 1 # X" < KN K" so K = K". Thus h € Ng(K), so
X9NK = XxNeE),

(2) implies (3): Trivial.

(3) implies (1): Assume g € G and |K N K9] is even. Thus there is an involution
r € K with 29 € K. By (3) there is h € Ng(K) with 29" = x. Then again by (3),
gh € Cg(z) < Ng(K), so g = (gh)h™! € Ng(K). Hence K = K9, so that (1) holds.

Exercise 6. As T € F/ and F is saturated, each ¢ € Autz(T) extends to some pex.
Thus Autr(T) = Auts(T), proving (1). As Qo = Cs(T) and ¥ acts on T and TQq, X
acts on @, proving (2).

Let X € X. We first observe that if o € homz(XT,S) then Xo € X(Co*). Let
acAX)andY = Xa. As X € X, Ca* is a component of N = Nx(Y). By 5.2.2 there is
B € UXo) with XoB =Y. Let ( = a 1o € homz((XT)a,S). Then Y( = Xo3=Y,
so Y € homp (Ta, Ng(Y)), and hence as Ca* is a component of N, so is Ca*(* = Co™3*.
Therefore Xo € X(Co™*).

Next assume o € ¥ with Xo € X. We've seen that Co*3* is a component of . But
also as Xo € X, D = Cf3* is a component of . Now T3 is Sylow in D and as o € %,
To =T, so Top = Tf is Sylow in Co**. By 10.1, E(N) is the central product of its
components, so either D = Co*(3* or the components are distict and commute. However
in the latter case, T3 centralizes T3, so T3 is abelian and hence normal in D by 6.4.1,
contradicting D quasisimple. Therefore C5* = D = Co*3*, so C = Co* and hence (3)
holds.

Suppose X is characteristic in QQg. Then ¥ acts on X by (2). Thus by (3), Auts(T") <
Aut(C), so (4) follows from (1).

Finally we prove (5). By (1) it suffices to show for each o € ¥, o € Aut(C). We
show that 1 # @ N Qo; then (5) follows from (3). Suppose that 1 = Q N Qo. Then as
QQo < Qo, |Q)? = |QQ0c]| < |Qol|, contrary to the hypotheses of (5).

Exercise 7. By definition of a split extension, () is a complement to Sy in S, so
S = 50Q and Sy NQ = 1. As Q is weakly closed in S and Sy is strongly closed in S,
[So,Q] < So N Q = 1. That is



(a) S = SO X Q

For P < S set Py = PN Sy. Let R € F/™¢; by 6.4 there is a model G for Nx(R)
with R = O2(G). Let T € Sylo(G) and H = O*(G). As Fy, < F and S = S0,
O?*(F) = O*(Fy), so TN H < Ty. Therefore Cy(Ry) = Z(Rp). Let P = Ng(R). Then
by (a), P centralizes Ry, so [P,H| < Cy(Ry) = Z(Ry), so P centralizes H. Therefore
as P AT, P is normal in HT' = G. Therefore P < R, so as P = Ng(R), we conclude
Q =P < G. Hence Q is Autrz(R)-invariant, so by Alperin’s Fusion Theorem, @ is
strongly closed in S with respect to F and hence by 6.2:

(b)Q < F.

Further T'=Q x Ty and HNQ < ToNQ =1, s0 G = HTy x Q. Therefore by Alperin’s
Fusion Theorem:

(c) For each X < @ and ¢ € homz(X,S), ¢ = ¢, x for some y € Q.

Finally let Py < Sy and ¢ € homg, (Fy, So). By (b), ¢ lifts to ¢ € homz(FyQ, S)
acting on Q. By (c), ¢ = ¢ X ¢, for some y € Q, so F = Fy x @ by definition of the
direct product in section 8.



