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@ Proof that C}(G) satisfies the UCT when G f.g. nilpotent
o C;(G)=pC(G/Z(G),w)

@ Structure of C¥(H) when H is virtually nilpotent
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Classifiability of C*(G)

For now: G is a finitely generated nilpotent group;
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For now: G is a finitely generated nilpotent group;
7 an irreducible unitary representation of G;

CX(G) the associated C*-algebra.
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Classifiability of C*(G)

For now: G is a finitely generated nilpotent group;
7 an irreducible unitary representation of G;

C(G) the associated C*-algebra. We will show that C*(G)
satisfies the UCT.

This implies [Lan73, MR76, EM15, TWW17] that C}(G) is
classifiable.
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Classifiability of C*(G)

For now: G is a finitely generated nilpotent group;
7 an irreducible unitary representation of G;

C(G) the associated C*-algebra. We will show that C*(G)
satisfies the UCT.

This implies [Lan73, MR76, EM15, TWW17] that C}(G) is
classifiable.

Lance proved CX(G) is nuclear; Moore and Rosenberg proved that
every primitive ideal in C*(G) is actually maximal.
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Classifiability of C*(G)

For now: G is a finitely generated nilpotent group;
7 an irreducible unitary representation of G;

C(G) the associated C*-algebra. We will show that C*(G)
satisfies the UCT.

This implies [Lan73, MR76, EM15, TWW17] that C}(G) is
classifiable.

Lance proved CX(G) is nuclear; Moore and Rosenberg proved that
every primitive ideal in C*(G) is actually maximal. Eckhardt and
McKenney proved that C(G) has finite nuclear dimension.
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Nilpotent groups

Definition

A group G is nilpotent if the series
G>|[G,G]>[G,[G,G]|>---

terminates in {e}.
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terminates in {e}.

Examples:
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Nilpotent groups

Definition
A group G is nilpotent if the series

G [G,G]>[G,[G,G]]>---

terminates in {e}.

Examples:
@ Abelian groups

o Finite p-groups
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Nilpotent groups

Definition

A group G is nilpotent if the series
G>|[G,G]>[G,[G,G]|>---

terminates in {e}.

Examples:
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o Finite p-groups
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Nilpotent groups

Definition

A group G is nilpotent if the series
G>|[G,G]>[G,[G,G]|>---

terminates in {e}.

Examples:
@ Abelian groups
o Finite p-groups
e UT(n,Z)

If M,N € UT(n,Z), then MN(NM)~! € UT(n,Z) has a zero
super-diagonal.
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Nilpotent groups

Definition

A group G is nilpotent if the series
G>|[G,G]>[G,[G,G]|>---

terminates in {e}.

Examples:
@ Abelian groups
o Finite p-groups
e UT(n,Z)
If M,N € UT(n,Z), then MN(NM)~! € UT(n,Z) has a zero

super-diagonal. If S € UT(n,Z) has a zero super-diagonal, then
MS(SM)~! has two super-diagonals of zeros.
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Nilpotent groups

Definition

A group G is nilpotent if the series
G>|[G,G]>[G,[G,G]|>---

terminates in {e}.

Examples:
@ Abelian groups
o Finite p-groups
e UT(n,Z)

If M,N € UT(n,Z), then MN(NM)~! € UT(n,Z) has a zero
super-diagonal. If S € UT(n,Z) has a zero super-diagonal, then

MS(SM)~! has two super-diagonals of zeros. Done by induction.
O
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An example

Let G = UT(4,Z), 0 € (0,1)\Q, © the trace on UT (4,Z)

e2micd  g—p=d=e=f=0
0, else.

O O O
O O+~ W
o = Q o
= N ® 0O

Write mg for the GNS representation associated to ©.
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An example

Let G = UT(4,Z), 0 € (0,1)\Q, © the trace on UT (4,Z)

B e2micd  g—p=d=e=f=0
B 0, else.

O O O
O O+~ W
o = Q o
= N ® 0O

Write mg for the GNS representation associated to ©.

Every irreducible representation of G is of the form 7g;
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An example

Let G = UT(4,Z), 0 € (0,1)\Q, © the trace on UT (4,Z)

B e2micd  g—p=d=e=f=0
B 0, else.

O O O
O O+~ W
o = Q o
= N ® 0O

Write mg for the GNS representation associated to ©.

Every irreducible representation of G is of the form mg; in fact,
[CM84] for any nilpotent group G, every irreducible representation
is of the form 7. for some trace 7.
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An example

Let G = UT(4,Z), 0 € (0,1)\Q, © the trace on UT (4,Z)

e2micd  g—p=d=e=f=0
0, else.

O O O
O O+~ W
o = Q o
= N ® 0O

Write mg for the GNS representation associated to ©.

Every irreducible representation of G is of the form mg; in fact,
[CM84] for any nilpotent group G, every irreducible representation
is of the form 7. for some trace 7.

Moreover, [EKM16] C;_(G) = C*(G/Z(G),wy) = (Ag ® Ag) x5 Z.
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An example

Let G = UT(4,Z), 0 € (0,1)\Q, © the trace on UT (4,Z)

e2micd  g—p=d=e=f=0
0, else.

O O O
O O+~ W
o = Q o
= N ® 0O

Write mg for the GNS representation associated to ©.

Every irreducible representation of G is of the form mg; in fact,
[CM84] for any nilpotent group G, every irreducible representation
is of the form 7. for some trace 7.

Moreover, [EKM16] C;_(G) = C*(G/Z(G),wy) = (Ag ® Ag) x5 Z.

The twist is given by wp(7,7) = O(GH(HG) ™), where G is a
representative of v with ¢ = 0.

Caleb Eckhardt and Elizabeth Gillaspy Finitely generated nilpotent group C*-algebras satisfy UCT



A quick advertisement of classification

The isomorphisms Cr (G) = C*(G/Z(G),wy) = (Ag @ Ag) x5 Z
arise from the group structure of G.
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A quick advertisement of classification

The isomorphisms Cr (G) = C*(G/Z(G),wy) = (Ag @ Ag) x5 Z
arise from the group structure of G.

[EKM16] also found some isomorphisms
El(C,(G)) = EN(CE(G))

which are not evident from the definition of G or C;_(G)!
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A quick advertisement of classification

The isomorphisms Cr (G) = C*(G/Z(G),wy) = (Ag @ Ag) x5 Z
arise from the group structure of G.

[EKM16] also found some isomorphisms
El(C,(G)) = EN(CE(G))

which are not evident from the definition of G or C;_(G)!

Since the algebras C;_(G) are classifiable, these isomorphisms give
us new perspectives on C;_(G).
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First step

Theorem (Eckhardt-G)

If T is a trace on a f.g. nilpotent group G such that
T(x) # 0 = x € Gf (x has a finite conjugacy class), then

C(G)2C (G) XL XT

satisfies the UCT.
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First step

Theorem (Eckhardt-G)

If 7 is a trace on a f.g. nilpotent group G such that
T(x) # 0 = x € Gf (x has a finite conjugacy class), then

C;:T(G) =~ C:T(Gf) XL XL
satisfies the UCT.

e G f.g. nilpotent = G /Gy torsion free and f.g. nilpotent.
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First step
Theorem (Eckhardt-G)

If 7 is a trace on a f.g. nilpotent group G such that
T(x) # 0 = x € Gf (x has a finite conjugacy class), then

C(G)2C (G) XL XT

satisfies the UCT.

Proof.

e G f.g. nilpotent = G /Gy torsion free and f.g. nilpotent.
Proof relies on the fact that T(G) is a finite subgroup of G
(since G is polycyclic and thus so are all subgroups).

@ GEGrNZX--- X7
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First step
Theorem (Eckhardt-G)

If 7 is a trace on a f.g. nilpotent group G such that
T(x) # 0 = x € Gf (x has a finite conjugacy class), then

C(G)2C (G) XL XT

satisfies the UCT.

Proof.

e G f.g. nilpotent = G /Gy torsion free and f.g. nilpotent.
Proof relies on the fact that T(G) is a finite subgroup of G
(since G is polycyclic and thus so are all subgroups).

@ GEGrNZX--- X7

o Gr/Z(Gf) is finite;
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First step
Theorem (Eckhardt-G)

If 7 is a trace on a f.g. nilpotent group G such that
T(x) # 0 = x € Gf (x has a finite conjugacy class), then

C(G)2C (G) XL XT

satisfies the UCT.

Proof.

e G f.g. nilpotent = G /Gy torsion free and f.g. nilpotent.
Proof relies on the fact that T(G) is a finite subgroup of G
(since G is polycyclic and thus so are all subgroups).

@ GEGrNZX--- X7

o Gr/Z(Gs) is finite; thus, C*(Gr) is subhomogeneous.
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First step
Theorem (Eckhardt-G)

If 7 is a trace on a f.g. nilpotent group G such that
T(x) # 0 = x € Gf (x has a finite conjugacy class), then

C(G)2C (G) XL XT

satisfies the UCT.

Proof.

e G f.g. nilpotent = G /Gy torsion free and f.g. nilpotent.
Proof relies on the fact that T(G) is a finite subgroup of G
(since G is polycyclic and thus so are all subgroups).

@ GEGrNZX--- X7
o Gr/Z(Gs) is finite; thus, C*(Gr) is subhomogeneous.
o Therefore C* (Gr) satisfies the UCT by [RS87].
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First step
Theorem (Eckhardt-G)

If 7 is a trace on a f.g. nilpotent group G such that
T(x) # 0 = x € Gf (x has a finite conjugacy class), then

C(G)2C (G) XL XT

satisfies the UCT.

Proof.

e G f.g. nilpotent = G /Gy torsion free and f.g. nilpotent.
Proof relies on the fact that T(G) is a finite subgroup of G
(since G is polycyclic and thus so are all subgroups).

@ GEGrNZX--- X7

o Gr/Z(Gy) is finite; thus, C*(Gyr) is subhomogeneous.

o Therefore C (Gr) satisfies the UCT by [RS87]. In fact
Cr (Gr) e N. O
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The main theorem

Proof that C¥(G) satisfies UCT:
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The main theorem

Proof that C¥(G) satisfies UCT:

e If m is faithful on G C C*(G) then m = 7, for an extreme
trace T
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The main theorem

Proof that C¥(G) satisfies UCT:

e If m is faithful on G C C*(G) then m = 7, for an extreme
trace T

@ In this case 7(G\ Gr) = 0 [CM84]
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The main theorem

Proof that C¥(G) satisfies UCT:

e If m is faithful on G C C*(G) then m = 7, for an extreme
trace T

@ In this case 7(G\ Gr) = 0 [CM84] — so apply Theorem 1
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The main theorem

Proof that C¥(G) satisfies UCT:

e If m is faithful on G C C*(G) then m = 7, for an extreme
trace T

@ In this case 7(G\ Gr) = 0 [CM84] — so apply Theorem 1

e If 7 is not faithful on G C C*(G), then replace G by G/ kerm
— also f.g. nilpotent.
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The main theorem

Proof that C¥(G) satisfies UCT:

e If m is faithful on G C C*(G) then m = 7, for an extreme
trace T

@ In this case 7(G\ Gr) = 0 [CM84] — so apply Theorem 1

e If 7 is not faithful on G C C*(G), then replace G by G/ kerm
— also f.g. nilpotent. O
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Twisted group C*-algebras

Theorem (Eckhardt-G)

For G f.g. nilpotent and 7 a faithful irrep of G, AN < Z(G) s.t.

Ci(G) = pC*(G/N,0)

for a 2-cocycle o which is homotopic to the trivial 2-cocycle.
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Twisted group C*-algebras

Theorem (Eckhardt-G)

For G f.g. nilpotent and 7 a faithful irrep of G, AN < Z(G) s.t.

Ci(G) = pC*(G/N,0)

for a 2-cocycle o which is homotopic to the trivial 2-cocycle.

Proof:

o 7 faithful = = = 7, for an extreme trace 7
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Twisted group C*-algebras

Theorem (Eckhardt-G)

For G f.g. nilpotent and 7 a faithful irrep of G, AN < Z(G) s.t.

Ci(G) = pC*(G/N,0)

for a 2-cocycle o which is homotopic to the trivial 2-cocycle.

Proof:
o 7 faithful = = = 7, for an extreme trace 7
e Z(G) f.g. abelian = 3N < Z(G) torsion free, finite rank.
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Twisted group C*-algebras

Theorem (Eckhardt-G)

For G f.g. nilpotent and 7 a faithful irrep of G, AN < Z(G) s.t.

Ci(G) = pC*(G/N,0)

for a 2-cocycle o which is homotopic to the trivial 2-cocycle.

Proof:
o 7 faithful = = = 7, for an extreme trace 7
e Z(G) f.g. abelian = 3N < Z(G) torsion free, finite rank.

o Let w be the restriction of 7 to N; then C; (G) = pC; (G)
for a central projection p.
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Twisted group C*-algebras

Theorem (Eckhardt-G)

For G f.g. nilpotent and 7 a faithful irrep of G, AN < Z(G) s.t.

Ci(G) = pC*(G/N,0)

for a 2-cocycle o which is homotopic to the trivial 2-cocycle.

Proof:
o 7 faithful = = = 7, for an extreme trace 7
e Z(G) f.g. abelian = 3N < Z(G) torsion free, finite rank.

o Let w be the restriction of 7 to N; then C; (G) = pC; (G)
for a central projection p.
This relies on:

o Ty <X Ty,

Caleb Eckhardt and Elizabeth Gillaspy Finitely generated nilpotent group C*-algebras satisfy UCT



Twisted group C*-algebras

Theorem (Eckhardt-G)

For G f.g. nilpotent and 7 a faithful irrep of G, AN < Z(G) s.t.

Ci(G) = pC*(G/N,0)

for a 2-cocycle o which is homotopic to the trivial 2-cocycle.

Proof:
o 7 faithful = = = 7, for an extreme trace 7
e Z(G) f.g. abelian = 3N < Z(G) torsion free, finite rank.

o Let w be the restriction of 7 to N; then C; (G) = pC; (G)
for a central projection p.
This relies on:

o T <X Ty,
o Conditional expectations E; : C(G) — C(Gy) for i = mr, .
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Twisted group C*-algebras

Theorem (Eckhardt-G)

For G f.g. nilpotent and m a faithful irrep of G,
Ci(G) = pC*(G/N, o)

for a 2-cocycle o which is homotopic to the trivial 2-cocycle.

o C; (G)= C*(G/N,o) where
a(sN, tN) = w(c(sN)c(tN)c(stN)™1)

for a choice ¢ : G/N — G of coset representatives [EKM16]
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Twisted group C*-algebras

Theorem (Eckhardt-G)

For G f.g. nilpotent and m a faithful irrep of G,
Ci(G) = pC*(G/N, o)

for a 2-cocycle o which is homotopic to the trivial 2-cocycle.

o C; (G)= C*(G/N, o) where
a(sN, tN) = w(c(sN)c(tN)c(stN)™1)

for a choice ¢ : G/N — G of coset representatives [EKM16]
@ Since N~2Z%and w: N — T,

wezdx~Td

which is path connected. O
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Structure for virtually nilpotent groups [EGM17]

Now, let G be a f.g. virtually nilpotent group;
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Structure for virtually nilpotent groups [EGM17]

Now, let G be a f.g. virtually nilpotent group; i.e., G has a normal
nilpotent subgroup N.
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Structure for virtually nilpotent groups [EGM17]

Now, let G be a f.g. virtually nilpotent group; i.e., G has a normal
nilpotent subgroup N.G = N %, G/N
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Structure for virtually nilpotent groups [EGM17]

Now, let G be a f.g. virtually nilpotent group; i.e., G has a normal
nilpotent subgroup N.G = N %, G/N

Again, m is an irrep of C*(G).
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Structure for virtually nilpotent groups [EGM17]

Now, let G be a f.g. virtually nilpotent group; i.e., G has a normal
nilpotent subgroup N.G = N %, G/N

Again, m is an irrep of C*(G).

Via Stinespring, embed C;(G) into C;(N) ® Mg,y for an irrep o.
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Structure for virtually nilpotent groups [EGM17]

Now, let G be a f.g. virtually nilpotent group; i.e., G has a normal
nilpotent subgroup N.G = N %, G/N

Again, m is an irrep of C*(G).
Via Stinespring, embed C;(G) into C;(N) ® Mg,y for an irrep o.

G acts on ker(o) by conjugation. Define H = stabg(ker(o)).
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Structure for virtually nilpotent groups [EGM17]

Now, let G be a f.g. virtually nilpotent group; i.e., G has a normal
nilpotent subgroup N.G = N %, G/N

Again, m is an irrep of C*(G).
Via Stinespring, embed C;(G) into C;(N) ® Mg,y for an irrep o.

G acts on ker(o) by conjugation. Define H = stabg(ker(o)).

o C:(G) is a direct summand of (C* (N) xq. H/N) ® Mgy
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Structure for virtually nilpotent groups [EGM17]

Now, let G be a f.g. virtually nilpotent group; i.e., G has a normal
nilpotent subgroup N.G = N %, G/N

Again, m is an irrep of C*(G).
Via Stinespring, embed C;(G) into C;(N) ® Mg,y for an irrep o.

G acts on ker(o) by conjugation. Define H = stabg(ker(o)).
o C:(G) is a direct summand of (C* (N) xq. H/N) ® Mgy

e C* (N) is a direct sum of simple Z-stable C*-algebras.

Tr
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Structure for virtually nilpotent groups [EGM17]

Now, let G be a f.g. virtually nilpotent group; i.e., G has a normal
nilpotent subgroup N.G = N %, G/N

Again, m is an irrep of C*(G).
Via Stinespring, embed C;(G) into C;(N) ® Mg,y for an irrep o.

G acts on ker(o) by conjugation. Define H = stabg(ker(o)).

o C:(G) is a direct summand of (C* (N) xq. H/N) ® Mgy

e C* (N) is a direct sum of simple Z-stable C*-algebras.

Tr

e If H/N is simple, the twisted action («,w) must be either
strongly outer, or inner.
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