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Abstract

These are the extended lecture notes for the masterclass on “Rank Conjectures Across
Algebra and Topology”, which took place in June 24-28, 2024 at the University of Copen-
hagen. This is a survey/summary of known results on the topic from various published
articles and books cited in the text. No originality is claimed. Last section is based on
the joint work with Okutan.
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1 Rank Conjectures for Free Actions: A Survey

Let G be a finite group and X be a CW-complex with a G-action on it. We say the action is
cellular if G acts by permuting the cells in X. We also assume that G acts on X in such a
way that if an element g € G fixes a cell, then it fixes it pointwise. The action is said to be
free if for every element 2 € X, the isotropy subgroup G, = {g € G| gz = x} is the trivial
subgroup. In 1944, Smith proved the following theorem:

Theorem 1 (Smith [31]). Let G be a finite group and p be a prime number. If G acts freely
and cellularly on a finite-dimensional CW-complex X which has the mod-p homology of an
n-sphere, then G does not include Z/p x Z/p as a subgroup.

Smith proved this result by showing that if G admits such an action then the mod-p
group cohomology of G is periodic, i.e., there is a d > 1 such that H"(G;F)) = H" (G, F,)
for all n > 0. An easy argument in group cohomology shows that then G does not include
Z]p x Z/p as a subgroup. We discuss Smith’s theorem in detail in Section

In 1957 Conner [14] extended Smith’s result to free actions on a product of two equal
dimensional spheres S™ x S™ using the associated Borel fibration (see Section for a def-
inition). He proved that if G acts freely on a finite-dimensional CW-complex X which has
mod-p homology of S™ x S™, then G does not include Z/p x Z/p x Z/p as a subgroup. Later
Heller [17] extended Conner’s result further to a product of two spheres S™ x S™ with ar-
bitrary dimensions. In his proof Heller uses Tate cohomology and assumes only that X has
mod-p homology of S™ x S™.

Motivated by Smith, Conner, and Heller’s results, the following conjecture has been made:

Conjecture 2 (Rank Conjecture for (Z/p)"-actions). If G = (Z/p)" acts freely on X =
S™M x ... x S thenr < k.

In the above statement X is a topological space homeomorphic to ™ x ... x S™  and
G acts on X with a continuous map G x X — X. The assumption on X can be replaced by
other assumptions depending on what kind of tools we want to use. For example, one can
assume that X is a smooth manifold diffeomorphic to S™ x --- x §™ with smooth G-action,
or X is a Z,)-homological manifold. In the light of above results the expectation is that the
conjecture may hold under much weaker homological assumptions on X. In the known results
on rank conjecture, one generally assume X is a finite or finite-dimensional G-CW-complex
such that

1. X is homotopy equivalent to S™ x --- x S™_ or

2. H¥(X;R) = H*(S™ x --- x S™:F,) as Steenrod algebras, or

3. H*(X;R) = H*(S™ x --- x S™; R) as R-algebras where R = Z, or F, or
4. Ho(X;R) = Hi(S™ x - x §™; R) as R-modules where R = Z,) or F,.

Therefore one can consider many different versions of the rank conjecture depending on the
assumptions on X. It would be interesting to see the proofs or counterexamples to any of
these versions. It is also interesting to ask whether or not any two versions of the topological
rank conjecture is equivalent to each other.

Rank conjecture is a special case of the following conjecture due to Carlsson [13].



Conjecture 3 (Carlsson’s conjecture). If G = (Z/p)" acts freely on a finite, connected CW-

complexr X, then
dim X

2" < ) dimg, Hi(X;Fp).
=0

Note that the total homology dimension of a product of k spheres is equal to 2¥, hence
Conjecture[2)follows from Conjecture[3] There is also a rational version of Carlson’s conjecture
for G = (S1)" actions due to Halperin [I9, Problem 1.4]. It says that if G = (S!)” and X is
a finite, free G-CW-complex, then

dim X

2" < Y rhoHi(X;Q).

1=0

It is known that Halperin’s conjecture is true for X = S™ x --- x S™ (see [21]). Carlson’s
and Halperin’s conjectures are still open in general.

There is an algebraic version of Carlsson’s conjecture which states that if G = (Z/p)" and
C. is a finite chain complex of free F;,G-modules with nonzero homology, then dimp, H. (Cy) >
2". Recently, Iyenger and Walker [23] gave a counterexample to the algebraic version of the
rank conjecture for p > 3 and r > 8. Ruping and Stephan [28] proved that the counterexample
complexes constructed by Iyenger and Walker can not be realized topologically. So Conjecture
is still open in general.

The main purpose of these notes is to discuss some of the known positive results for the
special cases of Conjecture [2 The first positive result for Conjecture [2] are due to Carlsson
that proves the conjecture for the case n; = --- = nj under the assumption that the induced
action on the mod-p homology of X is trivial.

Theorem 4 (Carlsson [II], [12]). Suppose G = (Z/p)" acts freely on a finite complexr X,
where X is homotopy equivalent to (S™)*, and suppose that G acts trivially on H*(X;Fp).
Then r < k.

Carlsson proves this theorem first for p = 2 in [I1] using the Serre spectral sequence for
the Borel fibration X — EG xg X — BG. The main ingredients of the proof are the product
structure of the Serre spectral sequence and a version of Kudo’s trangression theorem for
Steenrod operations. In Section |3, we discuss the proof given in [I1] for the p = 2 case of
Theorem [l

In 1982, Carlsson [12] proves the p odd version of Theorem 4] by constructing a specific
model for C,(X) and by using some results from commutative algebra. Later Browder [7],
and Benson and Carlson [3] also gave proofs for Theoremusing different methods. Browder
used Tate cohomology and exponents of cohomology groups, and Benson and Carlson used
the L¢-modules and support varieties of modules. We discuss Browder’s proof in Section @

In 1988, Adem and Browder [2] proved that Conjecture [2] holds for free actions of G =
(Z/p)" on a product of equidimensional spheres (S™)" without the assumption that the action
on homology is trivial for all p and n except when p =2 and n=1,3,7.

Theorem 5 (Adem-Browder [2]). Let G = (Z/p)" act freely on X = (S™)k. Assume that
n#1,3,7 whenp=2. Thenr < k.



The case p = 2 and n = 1 is resolved later in [33]. The methods used in [33] are very
different than the methods used for the general proof. In [33], we use group extension theory
and special extension classes that were also used in the classification of Bieberbach groups.
The cases p =2 and n = 3,7 are still open.

The proof of Theorem [5| is written under the assumption that X is an orientable Z,)-
homology manifold, but it can be replaced by an argument that uses only the assumption
that X is a finite complex with mod-p homology of (S™)¥. The main ingredient of the proof
is an inequality proved for Z,G-lattices for G = (Z/p)". Using this inequality Adem and
Browder [2] proves the following sharper result for the rank of elementary abelian p-subgroups
acting freely on X = (S™)".

Theorem 6 (Adem-Browder [2, Thm 4.1]). Let G = (Z/p)", p odd, act freely on an orientable
Z(p)-homology manifold X with H*(X; Zy)) = H*((S™)k; Zp)- Then
1
r < dimg H,(X;F,)C + <—1) (dim Hy (X;F,) — dim Hy (X F,)C).
p —_—

One of the consequences of this stronger inequality is that if p odd, and G = (Z/p)" acts
freely on X = (S™)", then G must act trivially on the mod-p homology of X.

For free actions on an arbitrary products of spheres, there are two other results that we
would like to mention. The first one is due to Hanke for the case where p is large compared
to the dimension of the space.

Theorem 7 (Hanke [20]). Let X = S™ x --- x S™ and ko denote the number of odd
dimensional spheres in X. If p > 3dim X and (Z/p)" acts freely on X, then r < ky.

This theorem suggests that for odd primes, the upper bound in Conjecture [2| should be
replaced by kg, the number of odd dimensional spheres in X. Hanke uses the tame homotopy
theory in his proof. Since the techniques of the proof are out of the scope of these notes, we
will not explain Hanke’s proof in these notes. Another result for free actions on products of
spheres with different dimensions is the following:

Theorem 8 (Okutan-Yalcin [26]). Suppose G = (Z/p)" for a prime p and k,l are positive
integers. Then there is an integer N that depends only on k, [, and G, such that if G acts freely
and cellularly on a finite-dimensional CW-complex X homotopy equivalent to S™ x --- x S™k
where n; > N and |n; —nj| <1 for all i,j, then r < k.

This theorem roughly says that if X ~ S™ x ... x S§™ where the average dimension of
spheres is large compared to the differences |n; —n;| of dimensions, then the rank conjecture
is true for free actions on X. The main ingredients for the proof of this theorem is a theorem
of Habegger [I8] and an observation about cohomology of finite groups due to Pakianathan
[27]. We explain the proof of Theorem [§]in detail in Section



2 Homological Methods for Studying Group Actions

2.1 Group cohomology

Let G be a finite group, and k be a commutative ring. The group ring kG is the ring whose

elements are the formal sums » 9eG 099 where a, € k, where the multiplication is given by

(S 0) (S ) = (5 oo

geG hk=g
We often consider the cases where k = Z, Q, Z;), or where k is a field of characteristic p.

Definition 9. A k-module M together with a G-action satisfying the following linearity
conditions is called a G-module:

(1) For every g € G, m,m' € M, g(m + m') = gm + gm/;

(2) For every g € G, m € M, and X € k, g(Am) = A(gm).

Every kG-module M can be considered as a G-module by taking its underlying k-module
with the G-action defined by multiplication with 1-g € ZG. Conversely, every G-module can
be considered as a kG-module by linearly extending the action of G on M to an action of
the ring kG.

The ring k is a one-dimensional k-module. We can consider it as a kG-module with the
trivial G-action gA = A. We refer to this module as the trivial kG-module k. A free
kG-module resolution of the trivial module k is an exact sequence of the form

(Faye) i Fpd 2 m 9% s s RS R 2 R S k0

where each F; is a free kG-module. Given a kG-module M, consider the cochain complex
Homyg(Fx, M) defined by

1

0 — Hompe (Fo, M) 2 Hompe (Fr, M) 25 - s Homga(Fo, M) 2 Hompe (Fpp1, M) — ---
where 6" (f) = (=1)"*!f 0 041 for every f € Homyg(F,, M).
Definition 10. The cohomology of G with coefficients in M is defined by

H™(G; M) := H"(Homyg(Fy, M), 6*) = ker 6" /im "1,

By the comparison theorem in homological algebra, projective/free resolution of k is
unique up to chain homotopy. So the definition of group cohomology does not depend on the
free resolution F.

Exercise 11. Using the definition of group cohomology, prove that for every kG-module M,
HY(G;M) =M% :={m €& M|gm=m for all g € G}.

Example 12. Suppose that p is a prime number, and G = C, = (g|g” = 1) is the cyclic
group of order p. Let k be a field with characteristic p. Then there is a free kG-resolution of
k of the form

Ne e ke kg kG- k0

(Fy,e) :... kG



where Ng = 1+g+---+gP~! is the norm element, and ¢ is the augmentation map defined by
e(>_ga99) = >_, ag. Applying the Hom-functor Homyg(—; k), we obtain a cochain complex
of the form

0—h—"s k22

Hence for every n > 0, we have H"(C); k) = k as k-vector spaces.

Exercise 13. Verify that the chain complex in Example [12]is a resolution for k as a kG-
module.

For every subgroup H < G, there is a homomorphism Resg : H*(G; M) — H*(H,; Reng)
induced by the chain map

Res% : Homyg(Fy, M) — Homy g (Res% F,, Res$ M)

defined by the restriction of kG-homomorphisms to kH-homomorphisms. For every subgroup
H < G with |G : H| < oo, there is a chain map in the other direction

Tr% : Homy g (Res$ Fy, Res M) — Homy (F,, M)
defined by Tr&(f) = 32 gec/u 9f ¢~ ! which induces a homomorphism
Tr% : H*(H;Res$ M) — H*(G; M).

Using the definition it is easy to see that for every H < G with finite index, TrgResgu =
|G : Hlu for every u € H"(G; M). This shows in particular that for every finite group G, we
have |G|- H"(G; M) = 0 for n > 0. If G is a finite group, then H"(G;Z) is a finite abelian
group whose exponent divides the order of the group.

Definition 14. The tensor product C,® D, of two chain complexes Cy, D, is a chain complex

with (Cyx ® Dy), = @i-l—j:n C; ® D; with the boundary map defined by

Oz @y) = 0i(z) @y + (-1)'z @ d(y)
for x € C; and y € Dj.

Given a free resolution F, = k, consider the tensor product F, ® F, together with the

augmentation map F, ® F, — k defined by the homomorphism Fy ® Fj N L = k,
where p is the multiplication map. The augmented chain complex F, ® F, — k is a free
kG-resolution of the trivial module k. By comparison theorem in homological algebra, there
is a chain map A, : F, — F, ® F, which induces the identity map on k. Any such chain map
is called a diagonal approximation.

Using a diagonal approximation A, : F, — F, ® Fi, one can define cup product on
H*(Gs k) == @, H'(G; k) using the composition

Homye(FL, k)@ Hompa (Fy, k) 2 Hompg (Fy @y Fy, kok) 25 Homye (Fy, kok) 25 Homyg(FL, k)
where the first map ¢ is defined by

Y(f1 ® fo) (21 @ x2) = (—1)BABI L (21) @ fo(aa),



the second map is defined by A*(f)(z) = f(A(z)), and the last map is induced by multi-
plication map p : k ® k — k. These chain maps induces a homomorphism of cohomology
modules

Hn(A* o ¢) : H"(Homkg(F*, k) Rk Homkg(F*, k)) — H"(Homkg(F*, k’))

Recall that by standard properties of tensor product of chain complexes, we have an homo-
morphism

0 : Hp(Homkg(F*, k‘)) Rk Hq(HOHlk(;(F*, k‘)) — Hp+q(HOInk(;(F*, k‘) Rk HOInk(;(F*, k‘))

defined by [f1] ® [f2] = [f1 ® fa].
Definition 15. For every p,q > 0, the cup product

U: HP(G; k) @ HY(G; k) — HPT(G, k)
is defined to be the composition § o H™(A* o 9).

To shorten the notation we write uv for the cup product uUv. With cup product as the ring
multiplication, H*(G; k) is a graded commutative k-algebra with identity 1 € HY(G; k) = k.
We have the following computation for the cohomology algebra of the cyclic group of order
p.

Proposition 16 ([9, Prop 4.5.1]). Let G = Cy, p a prime number, and k be a field with
characteristic p. Then there is an isomorphism of k-algebras

k|x] if p=2

H(Cyik) = {/\k(y) ®klx] if p>2

where |z| =1 ifp=2, and |y| =1, |x| =2 ifp > 2.

Exercise 17 (Brown [8, pp 108]). Suppose that G = (g|¢? = 1) = (), is a finite cyclic group
of order p, and k is a field of char p. Let F, — k be the periodic free kG-resolution of k
defined in Example Then show that the map A : F, — F, ®; Fy defined by

1®1 if m is even
Apn(l)=4¢1®g if m is odd, n is even
Yo<icicp_19' ®@g¢7  if mis odd,n is odd

is a diagonal approximation. Using this diagonal approximation, prove that the isomorphism
in Proposition [T6] holds.

If H and K are two groups, then kH ®kG = k[H x K| is a free H x K-module. Using this,
one can show that if F, — k is a free kH-resolution and F — k is a free kK-resolution, then
F ® F' is a chain complex of free k[H x K]-modules. By Kiinneth theorem, we obtain that
F.®y F] — k is a free k[H x K]-resolution of k. Applying the Hom-functor Homy g ) (—, k),
and using the Kiinneth theorem again, we obtain that there is an isomorphism

H*(H x K; k) = H*(H; k) @ H* (K k).

With some extra work, one can show that this is an isomorphism of k-algebras [9, Prop 4.3.5].
As a consequence we obtain the following calculation.



Proposition 18 ([9, Prop 4.5.4]). Let k be a field with characteristic p. Then

* T, ~ k[xl,...,.%r] if p=2
H((Gy) ’k)_{/\k(yl,...,yT)®k:[x1,...,xr] if p>2

where degx; =1 if p=2, and degy; = 1, degx; =2 if p > 2.

Exercise 19. Give a full proof for Proposition

2.2 (G-simplicial complexes and their homology

Let G be a finite group. A G-simplicial complex X is a simplicial complex with a G-
action on its set of vertices in such a way that for every simplex o = {vg,...,v,} in X,
go ={gvo,...,gu,} is a simplex in X. The realization |X| of a G-simplicial complex X is a
topological space with a continuous G-action.

A G-simplicial complex X is admissible if whenever an element g € G fixes a simplex
o € X, then it fixes all its vertices (see [8, Sect IX.10]). If X is an admissible G-complex,
then for every H < G,

X0 ={seX|ho=0cforall he H}

is a subcomplex of X. In this case we have | X | = |XH|.

An G-simplical complex is regular if it satisfies the following condition for every subgroup
H < G: If hg,h1,...,h, € H and {vo,...,v,} and {hgvy, ..., hyv,} are both simplices in X,
then there exists an element h € H such that hv; = h;v; for all . If X is regular, then the
set of orbits [o]g = {go | g € G} of simplices in X forms a simplicial complex X /G such that
| X|/G = | X/G] (see [6, Sect. III1.1}).

For a simplicial complex X, the barycentric subdivision sd(X) is defined as simplicial
complex whose vertices are the simplices of X and whose simplices are the chains of the
simplices of X. If X is a G-simplicial complex, then sd(X) is also a G-simplicial complex
with the G-action on sd(G) is given by the G-action on the simplices of X.

Exercise 20. Prove that if X is a G-simplicial complex, then the barycentric subdivision
sd(X) is admissible. Also show that for every G-simplicial complex, sd?(X) is regular.

Let k£ be a commutative ring. The (oriented) simplicial chain complex Cy(X;k) of a
simplicial complex X with coefficients in & is defined as follows: For each simplex o in X,
choose a total ordering for the vertices of o and denote these oriented simplices by [vo, ..., U]
where vy < -+ < v,. The n-th chain module C),(X; k) is the free k-module with basis given
by all oriented simplices {vy,...,v,} of X. For the tuples of vertices ordered in a different
way, we have the following identification: If o is a permutation of {0,...,n}, then

[Vo(0)s - - + s Vo(ky] = sign(a)[vo, . . ., vk].
For each k > 1, the boundary map 9 : Cy,(X; k) — Cp,—1(X; k) is defined by

n

Onlvo, - vn] =D (=10, -+, By, vk

=0



Exercise 21. Let X be the 1-dimensional simplicial complex whose vertex set is V =
{a,b,c,d} and whose l-simplices are given by {a,b}, {b,c}, {c,d}, and {d,a}. Choose
an orientation for each simplex and write the simplicial chain complex of X. Show that
H(X; k)= Hy(X; k) 2 E.

If X is a G-simplicial complex, then G permutes the simplices of X. Each chain module
Cn(X; k) is a kG-module and boundary maps are kG-module homomorphisms. In general
Cn(X; k) does not have to be permutation module, since the g € G action may change the
sign of a basis element [vy,...,v,]. If X is admissible, this can not happen anymore: the
stabilizer of each simplex o = {vg....,v,} acts on the tuple [vg, ..., v,] trivially. In this case
the chain module C,,(X; k) is a permutation kG-module. Furthermore, if the G-action on X
is free, then the chain complex C.(X;k) is a chain complex of free kG-modules.

Example 22. Let G = (g|g? = 1) = Cy. Consider the 1-dimensional simplicial complex X
whose vertex set is V' = {a, b, c,d} and whose 1-simplices are given by {a, b}, {b,c}, {c,d},
and {d,a}. Let g € G act on V by ga = c and gb = d. It is easy to see that with this action,
X is an admissible G-simplicial complex. The realization of X is a square with corners given
by vertices of X and edges are given by the 1-simplices. Note that | X| is G-homeomorphic
to G-space S' with the antipodal action defined by gx = —z. The simplicial chain complex
of X is of the form
0— C1(X; k) L Co(X; k) = 0
where
Ci1(X;G) = kla,b] ® k[b, c] ® klc,d] ® k[d, a] = kG - [a,b] & kG - [b, (]
and
Co(X;G) = kla] & k[b] @ k[c] ® kld] = kG - [a] ® kG - [b].
The boundary map is defined by 9 ([a, b]) = [b] — [a] and 01 ([b, ¢] = [¢] — [b]. The homology of
this chain complex is H1(X; k) = Ho(X; k) = k. This gives an exact sequence of kG-modules

0=k —=kGOKEG — kGOEG =k —0.
Splicing these short exact sequences together one obtains a periodic free kG-resolution of k.

Example 23. Let G = (g1, 92|93 = 95 = (g192)® = 1) = C2 x Cy. Consider the 1-dimensional
simplicial complex X given above with G-action defined by g1a = ¢, g1b = b, goa = a, and
g2b = d. Then X is an admissible G-simplicial complex and the chain complex C.(X;k) is
of the form
0~ kGla,b] 2 kG/{g2)] - [a] & k(G /{g)] - ] 0
where boundary map sends the basis element [a, b] to [b] — [a]. This gives an exact sequence
of kG-modules
0=k — kG — E[G/{g2)] ® k[G/{g91)] = k — 0.

Note that in this case the chain modules are not free kG-modules, so the sequence above does
not give a periodic free kG-resolution of k.

Exercise 24. Consider the action of the symmetric group G = S5 on the simplicial complex
X with vertex set V' = {1,2,3} and edge set S = {{1,2},{1,3},{2,3}} given by the per-
mutation of the vertices with the natural action. The realization of X is the boundary of a
triangle with corners labeled as 1, 2, 3. Observe that this action is not admissible but the
G-action on the barycentric subdivision Y = sd(X) is admissible. Write the chain modules
and boundary maps for the simplicial chain complex of X and Y.



2.3 G-CW-complexes

Another convenient category to study the G-spaces is the category of G-CW-complexes.
Definition 25. A G-space is a G-CW-complex if there is a filtration

=X, ,CXCX;C---CX,,1CX,C---
of X such that

1. For n > 0, X,, is obtained from X,,_1 by attaching G-orbits of cells, i.e. there is a
G-pushout diagram

Hiefn G/HZ X Sn_l %‘Xn—l

A7
[es, G/H; x D -2 x|
2. X has weak topology with respect to the filtration {X,}, i.e. B C X is closed if and
only if BN X, is closed for all n > —1.

For each i € I,,, the subspace €' = h'(G/H; x intD") is called an orbit of open n-cells of X.

Let G be a finite group. If G acts on a CW-complex X by permuting its cells, it is called a
cellular action. It is also convenient to assume that the G-action satisfies the property that
if an element g € G fixes a cell, then it fixes it pointwise. Note that if X is a G-CW-complex
then G acts on X cellularly and it satisfies the additional fixed point property. Conversely, If
X is a CW-complex and G-acts cellularly on X, satisfying the additional fixed point property,
then X has a G-CW-complex structure.

The following facts are well-known for G-CW-complexes for a finite group G (see [24]):

1. If X is an admissible G-simplicial complex then its realization is a G-CW-complex. By
an equivariant version of simplicial approximation theorem, every G-CW-complex is
G-homotopy equivalent to a simplicial G-complex.

2. Every closed smooth G-manifold admits a G-CW-complex structure.

3. A G-simplicial set is defined as a simplicial object in G-sets. The realization of a
G-simplicial set is a G-CW-complex.

4. Product of two G-CW-complexes is a G-CW-complex if we take X x Y with compactly
generated topology. If one of the complexes X or Y is a finite complex, then this is
true also with product topology.

The cellular chain complex C,(X;k) of a G-CW-complex is a chain complex where
Cn(X;k) is a free k-module generated by n-dimensional cells. From the definition of G-
CW-complexes, we have

Cu(X: k) = @) k(G H]
i€ln
as kG-modules. The boundary map 9, : C,,(X; k) — C,_1(X; k) is a kG-module homomor-
phism. If G-action on X is free, then C,(X; k) is a chain complex of free kG-modules.

10



2.4 Proof of Smith’s theorem

Before we prove Smith’s theorem we make a few observations on cohomology of groups. Let
G be a finite group and & be a field of characteristic p. Then the group ring kG is isomorphic
to its dual kG* = Homy(kG, k). Using this we can show the following;:

Lemma 26. If F is a free kG-module, then H"(G; F) =0 forn > 1.

Proof. Let F, be a free kG-resolution of k, and let ﬁ* i — | — Fy — k — 0 denote the
corresponding augmented complex. We have

Homyq(Fy, kG) = Homyg (F,, Homy (kG, k)) = Homyg (Fy @ kG, k) = Homy (Fy, k).

Hence the cochain complex Homkg(ﬁ*, k@) is an exact sequence since Homk(ﬁ*, k) is exact.
This gives that H"(G;kG) = 0 for n > 1. Hence for every free kG-module F' = @;c;ZG, we
have H"(G; F) = @®;c1H"(G;ZG) = 0 for n > 1. O

Using this vanishing result and the long exact sequences for group cohomology, we obtain
the following:

Lemma 27. Let 0 - A — F — B — 0 be a short exact sequence of kG-modules where F is
a free kG-module. Then H'(G; B) = H'"Y(G; A) fori > 1.

Exercise 28. Show that if 0 - A — Fp_1 — --- — Fy — B — 0 is an exact sequence of
kG-modules where Fy, ..., Fy_; are free kG-modules, then H*(G; B) = H'™*(G; A) for all
1> 1.

We now give the proof of Smith’s theorem stated in Section

Proof of Theorem[1l Let G be a finite group and p be a prime number. Suppose that X is
a finite-dimensional free G-CW-complex X such that H,(X;F,) = H,(S™;F,), n > 1. We
claim that then G does not include C), x C), as a subgroup. Assume contrary that G has a
subgroup P < G such that P = C, x C),.

Consider the P-action on X via restriction. Since this action is also free, the chain
complex of X, with coefficients in a field k£ of characteristic p,

C*(X;k):O—>Cd—>Cd,1—>-~—>Cn+1MCn%Cn_1%-~—>CO—>k—>O

is a chain complex of free kP-modules. We have H,(X; k) = Z,/B,, = k where Z,, = ker 0,
and B, = im 0,,+1. This gives two exact sequences

0—=Cq—Cqq—-—Chi1 = CrLCp/By—0 (1)
and B
O—>/~c—>C’n/Bna—">Cn_1—>Cn_2—>---—>00—>k—>0. (2)

where ¢ is the quotient map and 9, is the map induced by 8, by taking quotient with
B, C Z, = ker 0,.

The last two terms of the exact sequence in give a short exact sequence

0—k—Cn/By— Zyn_1 —0.
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Consider the long exact sequence of cohomology groups associated to this short exact se-
quence:

o > H7YP; Z,_1) = HY(P; k) - H\(P;C,/B,) — H(P; Z,_1) —» HT(P,k) — --- .

The cohomology groups with coefficients in Z,,_; and C,, /B, can be computed using the
exact sequences in and . Applying Exercise 28| to the exact sequence in , we obtain
that H*(G; C,,/By,) = 0 for i > 1. Similarly applying Exercise |28/ to the exact sequence

0=>2Z,-1—-Cho1 == Co—=k—0,

we obtain that H'(P; k) = H™"(P; Z,_1) for i > 1. Putting these calculations into the long
exact sequence above, we conclude that H'(P; k) = H*"T1(P;k) for i > 1. This contradicts
with the earlier calculation that

klz1, o] if p=2

H*(C), x Cp; k) = )
por {Ak(ybyz)@k[ﬂﬁl,iﬂz] if p>2.

Hence G does not include a subgroup P isomorphic to C}, x C)p,. O

An alternative approach to the above proof would be using some well-known results
about kG-modules. If G is a finite group and k is a field with characteristic p, then the
group ring kG is self-injective (i.e. kG is an injective kG-module). This follows from the
isomorphism kG* = kG. This implies, in particular, that a finitely-generated kG-module is
projective if and only if it is injective (see [9, Theorem 2.2.3]). In fact, this is true even for
infinitely generated modules (see [L0, Theorem 11.2]). This gives that the exact sequence in
splits and C,,/B,, is a projective kP-module. Splicing the second exact sequence with
itself infinitely many times, we obtain a periodic projective resolution of k as a kP-module.
Existence of a periodic resolution implies that for every ¢ > 1, there is an isomorphism
Hi(P; k) = HF"tY(P; k). Again this gives a contraction.

Exercise 29. Prove that if G is a finite group and k has characteristic p, then kG* & kG.
Using this, conclude that if M is a finitely-generated kG-module, then M is projective if and
only if M is injective.

Exercise 30. Show that if p is odd, and X is a finite-dimensional free C},-CW-complex X
such that H,(X;F,) = H,(S";F,), then n is an odd number.

3 Borel Construction for Free Actions on Products of Spheres

3.1 Borel construction

Let G be a finite group. A universal G-space, denoted by EG, is a free G-CW-complex
which is contractible (non-equivariantly). The universal G-space EG is defined uniquely up
to G-homotopy equivalence. The orbit space BG = EG/G is the classifying space of G.
Since EG is contractible, the augmented chain complex C(EG;k) — k defines a free kG-
resolution of k. This gives an isomorphism H*(G; k) = H*(BG; k) which can be taken as the
topological definition of group cohomology.

12



If X is a G-CW-complex, then G acts freely on the product space EG x X via the diagonal
action g(e,x) = (ge, gz). The orbit space of this action X¢g = EG xg X = (EG x X)/G
is called the Borel construction for the G-space X. The projection map EG x X — EG
induces a map 7 : X — BG on the orbit spaces. Since the quotient map EG — BG defines
a principle G-bundle, 7 : X¢ — BG defines a fibre bundle with fiber X (see [5, Proposition
I1.2.3]). Since all the spaces involved are CW-complexes. 7 : X¢ — BG is a fibration with
homotopy fibre X (see [22, Prop 4.48]). We call this fibration the Borel fibration for the
G-action on X. The following observation is key for using Borel construction for free actions
(see [11, Proposition 1]).

Lemma 31. Let X be a free G-CW-complex. Then the Borel construction Xq is homotopy
equivalent to the orbit space X/G.

Proof. Consider the fibration EG — X5 — X/G induced by the projection map EG x X —
X. Since EG is contractible this gives that the map 72 : X¢ — X/G is a weak equivalence.
Since both of the spaces are CW-complexes, T2 is a homotopy equivalence. O

3.2 Serre spectral sequence for the Borel fibration

The Serre spectral sequence associated to the fibration 7 : Xq¢ — BG has Es-page
Ey' = H*(BG; H'(X; k))

and it converges to H*(Xg; k). Here H*(BG; H'(X; k)) denotes the cohomology with local
coefficients. The 71 (BG) = G action on H*(X; k) coincides with the G-action on H*(X; k)
induced by the G-action on X.

It is often useful to compare Serre spectral sequence for Borel fibrations between different
group actions. Let X be a G-CW-complex. For each subgroup H < @, there is a map

i: BH 24 BG and XH X X¢ induced by inclusion map i : H < G. This gives a map of
fibrations between the corresponding Borel fibrations:

X——FEG xqg X —— BG

v

X —FH xg X — BH.

Since a map of fibrations induces a morphism of spectral sequences between corresponding
Serre spectral sequences, for each r > 0, there is a morphism i* : E.(G) — E,(H) between
the Serre spectral sequences for X and Xy such that ¢* commutes with the differential d,..
On the FEs-page this map is of the form

i*: H*(G;H*(X;k)) —» H*(H; H* (X k))
and it coincides with the restriction map Resg in group cohomology.

Lemma 32. If X is a finite-dimensional free G-CW-complex, then in the Serre spectral
sequence for the Borel fibration X — BG, we have ES =0 for every s, t with s+t > dim X.
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Proof. Since the G-action on X is free, by Lemma[31] the Borel construction X¢ is homotopy
equivalent to the orbit space X/G. Since X is a finite-dimensional G-CW-complex, the orbit
space X/G is also finite-dimensional, hence H*(X¢;k) = 0 for ¢ > dim X. This gives that in
the Serre spectral sequence E5? = 0 for every s,t with s +¢ > dim X O

This observation is main idea for proving restrictions on free actions on topological spaces.
To illustrate this method, we now give a different proof for Smith’s theorem.

Proof of Smith’s theorem using the Serre spectral sequence. Let G be a finite group and X be
a finite-dimensional free G-CW-complex with mod-p cohomology of S™. Then H'(X; k) = k
for t = 0,n and H'(X;k) = 0 when t # 0,n where k is a field with characteristic p. As
before assume contrary that G has a subgroup P = (), x C),. Consider the Borel fibration
for the P-action on X. Since k has characteristic p, the P action on k is trivial. This gives

that Ey' & H*(G; k) for t = 0,n, and zero otherwise. Since all the differentials dj : Eis’t —
Estit—it

: are equal to zero for 2 < j < n, we have E>!, = E5*. Consider the differential

n+1 —
de’Zl : EfL’j_Ll — Eflffﬂ’o. Observe that all the higher differentials are zero, so Foo = Epyo.

Since the action is free, by Lemma we have ES' = 0 for s + ¢ > dim X. Hence the
differential di’il must be an isomorphism for s +n > dim X. This gives an isomorphism
H*(P; k) = H™F1(P; k) for all s > (dim X) — n. This is again in a contradiction with the
calculation of H*(C), x Cp; k). O

Exercise 33. (a) Suppose that G is a finite group which acts freely and cellularly on a
2n-dimensional CW-complex X such that H*(X;F,) = H*(S" x S™;F,). Assume that G-
action on H*(X;F),) is trivial. Show that then there is a long exact sequence

HY(G;Fp) — H"™ (G F2) — H*"(G;F,) - HY(G;F,) — H""(G;F2) — -+

— HY(G;F,) —» H"Y(G;Fo) — H" (G, F,) — H G Fp) — HT (G, FL) — - .
(b) Using the exact sequence in part (a) and using the calculation given in Proposition

prove Conner’s theorem under suitable assumptions.

Exercise 34. Let G = (Z/2)" be an elementary abelian 2-group of rank r, and let X be a
finite free G-CW-complex such that H*(X;Fy) = S x S™ with 1 < n < m. Analyse the
differentials on the Serre spectral sequence for an Borel fibration (see [29] Sect 7] for a similar
analysis) and conclude that r < 2.

The p = 2 case of Theorem [4]is proved by Carlsson using the Serre spectral sequence for
the corresponding Borel fibration. In the proof one of the crucial ingredients is the product
structure on the Serre spectral sequence.

Proposition 35 ([25, Theorem 5.2]). Let X be a G-CW-complex and k be a field with
characteristic p. Then the Serre spectral sequence has a product structure EF? @ Bt -
EPTSUT guch that the derivations defined by the composition

HP(G; HY(X; k) @ H(G; H'(X; k) — HPYS(G; HU(X; k) @ HY(X; k)

— HPY(G; HIY(X k)
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where both maps are defined by the cup product. If the induced G-action on H*(X;k) is
trivial, then there is an isomorphism

By = HP(G; HI(X: k) = HY(BG: k) © H(X: k).

In this case the product structure on Ey™ = HP(G; k)@ H1(X; k) is defined by (x@u)(y®@v) =
xy @ uv where xy and wv are the cup products in H*(G; k) and H*(X; k).

3.3 Carlsson’s theorem for homologically trivial actions: the p = 2 case.

In this section we sketch the proof of the p = 2 case of Carlsson’s theorem stated as Theorem
[ in the introduction.

Suppose that G = (Z/2)" and X is a finite free G-CW-complex homotopy equivalent to
(S™)F for some n > 1. Consider the Serre spectral sequence

H*(G; HY (X Fa)) = H*(Xg; F2)

for the G-action on X. Since the action is free X = X /G has finite-dimensional cohomology,
so we must have E5! = 0 for p+q > dim X. It is assumed that G acts trivially on H*(X;Fs),
so we have an isomorphism

EPY = HP(G;Fy) @ HY(X;F).

The spectral sequence has a product structure induced by the cup products on the cohomology
groups H*(G;F3) and H*(X;F3). In this case we have H*(G;F3) = Falzy,...,z,], where
|z;| = 1 for all ¢, and H*(X;F2) = Ap,(t1,...,t), where |t;| = n for all i. We will identify
EY* with H*(X;Fy) and E3° with H*(G;Fy). Using the product structure we will write the
elements in E5? as a product of elements in H?(G;F2) and HI(X;Fa).

Because of dimension reasons, the first nonzero differentials in this spectral sequence

appear on the F,1-page, so we have E;;jl >~ F2" and the first nonzero differentials are

gPin . gpdn _y prtntlin-n

n+1 n+1 n+1
for j=1,...,k. Fori=1,...,k, let p; := dg’:l(ti) € H""1(G;Fy). We call the cohomology
classes p1,...,pr the k-invariants of the G-action on X. Note that since H*(G;Fq) =
Fa[z1,...,x,] we can consider the classes p; as polynomials of degree n + 1 with variables
TlyeeeyTp.

Lemma 36. Let ji1,...,ux be the k-invariants of a free G = (Z/2)"-action on X ~ (S™)*
in Fa-coefficients. Then the cohomology classes p1, ..., pr have no common zeros in F5 when
they are considered as polynomials in Falz1, ..., x,].

Proof. Using the isomorphism H'(G;F3) = Homg,(G;Fy), we can choose a set of generators
{g1,...,9-} for G = (Z/2)" such that g'(z;) = 1 if i = j, and 0 otherwise. Note that for every
element g = g{‘l ...g} in G, we have Resg])mi = \;x where z is the generator of H'({g);F5)

dual to g. Hence for every f(z1,...,x,) in HP(G;F3), and for every g = gi\l ...g;\r, we have
Resg>f(a?1, cosxe) = FA, ).
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If the polynomials p1, . .., pr have a common zero, then there is an element (A\q,...,\,) €
5 such that ,u,()\l,...,)\ ) =0 forall i = 1,...,k. If we take ¢ € G as the element
g = g)‘1 gr , then Res< Vi = 0 for all i = 1,...,k. We now argue that this gives a

contradiction.

For every subgroup H < (G, this is a morphism of spectral sequences between the
Serre spectral sequences for G-space X and its restriction to H. This gives a morphism
between corresponding Serre spectral sequences. In particular, there is a homomorphism
i* : Envi(G) — EpT (H) of spectral sequences induced by the inclusion map i : H — G.

Since ¢* induces the identity map on Eg:l = H *(X F2) and it is the restriction map on

E;;?l = H*(G;F3), we obtain that the differential dn’H( ) for the Borel fibration Xy — BH
takes t; to Resg,ui for each i. If we apply this to the subgroup (g) such that Res@wi =0
for all i =1,...,k, we obtain that in the Serre spectral sequence for the (g)-action on X, we
have dn = O Using the product structure and the Leibniz rule, this gives that d'f, =
for all p,q. The higher dimensional differentials will also vanish by a similar argument. Thus
in the Serre spectral sequence for the (g)-action on X, we have

EZ = E,y, = By = HY(X;F,) ® H'((9); F2)

which implies that @, ,_y E&' # 0 for all N. This contradicts with the conclusion of
Lemma [32] O

The fact that the k-invariants pq, ..., g have no common zeros by itself is not enough to
conclude that » < k. For example u; = a:% + 2129 + x% has no zeros in ]F% as a polynomial in
Fa[x1, 2], but in this case r = 2 > k = 1. So we need more restrictions on the k-invariants

M1y ey k-

Lemma 37. Let juy,...,us be the k-invariants of a free G = (Z/2)"-action on X ~ (S™)*
Fa-coefficients. Then the ideal I = (p1, ..., px) C Folz1,..., 2;] generated by the k-invariants
of the action is closed under the Steenrod operations, i.e, for each i,j, we have Sq’ (u;) € I.

Proof. An element z € Eg’q = H%(BG, H1(X;Fy)) is called transgressive if d;(z) = 0 for
Jj =2,...,q. In this case we say x transgresses to the element y = dg41(x) € E;II%’O. There
is a theorem which says that if z € H9(X,Fy) is G-invariant and transgressive, then Sq’ ()
is also G-invariant and transgressive, and we have dg4;11(Sq’ () = S (y) (see [22, p. 540]).
This theorem is sometimes called the Kudo’s transgression theorem. Applying this theorem
to the Serre spectral sequence for the G = (Z/2)" action on X = (S™)*, we obtain that for

each i € {1,....k},and 0 < j < n, S¢’(1;) = 0 in EZELI Y. The only nonzero differential

hitting EZI{H 0 is dﬁlil, so there are elements vy, ...,V € H/(G;Fs) such that
S (1) = &L, (Z ’Yltl> = Z%Mz-
1
Hence, for each i, we have Sq’ (i) € (1, .- . , fir)- O]

Now, the proof of Theorem [4] follows from the following Theorem due to Serre [30].

Theorem 38. Let I C Folxy,..., x| be an ideal i’nvariant under Steenrod operations. Then
the variety V(I) defined by the ideal I over k = Fo, the algebraic closure of Fa, is union of
linear subspaces rational over Fa.
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Serre’s theorem implies that if I is a homogeneous ideal generated by fi,..., fr in
Folz1,..., 2], then fi,..., fr have no common zeros over Fy if and only if they have no
common zeros over k = Fo. This implies, in particular, that k& > . Applying this to the
k-invariants p, ..., u; in H*(G;Fg) = Fo[x1,...,z,], we obtain the inequality » < k. This
completes the proof of Theorem [4| for p = 2. O

Remark 39. Note that the above proof does not hold when p > 2. In this case the Steenrod
operations send the generators t1,...,t; of H"(X;F,) to the dimensions higher than 2n, so
one can not directly conclude that the ideal generated by the k-invariants pi,...,ux is a
Steenrod closed ideal. Carlsson proves Theorem [4f for p > 2 in [12] by constructing a chain
map

Cu(X) = @5, Cu(j1)

from the chain complex of a finite G-CW-complex X ~ (S™)¥ with k-invariants p1, ...,
to a tensor product of chain complexes C,(1;) which are algebraic homology spheres with
k-invariants p1, ..., .

Later a similar argument was used by Benson and Carlson [3] to give a different proof
of Theorem Benson and Carlson uses L¢-modules and the theory of support varieties
for kG-modules. Because of time constraints I will not be able to cover these proofs in my
lectures. We refer the reader to original papers cited above for these proofs.

4 Method of Exponents and Browder’s Theorem

4.1 Tate Hypercohomology

Let G be a finite group. A complete resolution for G is an acyclic chain complex
o—
(Fe): =B %%, Zhp, ..
of free ZG-modules together with a homomorphism ¢ : Fy — Z such that
02 o1 €
FoiowiaFy = F —F—=72Z—0

is a free ZG-resolution of Z. Note that if F} is a complete resolution, then ker 9_1 = im 0y is
isomorphic to Z via the map €. So the boundary homomorphism 0y splits as 0y = ne, where
n : Z — F_1 is the injection mapping Z into the kernel of 0_1. The map n together with
boundary maps in negative dimensions defines a coresolution

0525 F 2, 22

Since each Fj is a free ZG-module, this is a coresolution of Z with relatively injective ZG-
modules (see [8, Sect VI.2]).

Definition 40. The Tate cohomology of a finite group G with coefficients in a ZG-module
M is defined by R
H"(G; M) := H"(Homzg(Fx, M))

for all n € Z, where F} is a complete resolution for G.
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One can show that a complete resolution for G is unique up to an augmentation preserving
chain homotopy. So the definition of Tate cohomology is independent of the chosen resolution
for G. From the definition it follows easily that for any ZG-module M,

ﬁ"(G'M)E H"(G;M)ifn>1
T Hon (G5 M) ifn < 2

and there is an exact sequence

0 = B1(G; M) — Ho(G; M) X6 HO(G; M) — BO(G; M) — 0.

where Ng : Mg — M© is the norm map defined by Ng([m]) = gec gm. In particular we
have the following:

Lemma 41. For every finite group G, we have ﬁO(G; 7) = 7/|G|Z.

Using a complete diagonal approximation, one can define a product structure on Tate co-
homology which coincides with the cup product for group cohomology in positive dimensions
(see [8 Sect VL.5]).

Exercise 42. Show that if F is a free ZG-module, then H'(G; F) = 0 for all i € Z.

We now define the Tate hypercohomology of a finite group G with coefficients in a chain
complex C, of ZG-modules. For this we need to extend the definition of the Hom-functor
that we defined earlier. Suppose C, and D, are chain complexes over ZG with differentials
0% and 9P, respectively. Let #omq(Cy, D,) denote the cochain complex with n-cochains

%omg(C*, D*)n = H Hong(ci, Difn)
1EL

whose coboundary maps are defined by 6"(f) = 0P f — (—=1)"f9¢. If D, is a chain complex
concentrated at dimension 0 with Dy = M, then J#omg(—, D,) is naturally equivalent to
the functor Homg(—, M) that we defined earlier.

Definition 43. Let G be a finite group and C, be a chain complex of ZG-modules. The
Tate hypercohomology of G with coefficients in C, is defined by

HY(G;C,) := H (A ome(F,,C,))
for all i € Z, where F, is a complete ZG-resolution of Z.

For a chain complex C,, the (left) k-shifted complex Z*C, is defined to be the chain com-
plex where (X*C.); = C;_ with boundary map (£*9); = (—1)¥9;_. For a cochain complex
C* we define the (left) k-shifted cochain complex by (X¥C*)? = C*+* with coboundary maps
(2F6)" = (—1)k§*F. Tt is easy to see that

Homa(Cy, X¥D,) = Bk #oma(Cy, D).

From this we obtain that ﬁi(G; Ekg*) = f[i+k(g; C,). Therefore, if C, is a chain complex
concentrated at dimension n, then H*(G; C,) & H™ " (G; Cy).
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Lemma 44. Given a short exact sequence of chain complexes
0—-Cy—Dy—E,—0
of ZG-modules, there is a long exact sequence of the following form

.= HY(G,C,) —» H(G,D,) —» H(G, E,) » HTY(G,C,) — -+~ .

The following observation is crucial for proofs using Tate hypercohomology.

Proposition 45. If F, is a bounded chain complex of free ZG-modules, then ﬁli(G; F,)=0
foralli e Z.

Proof. By shifting the complex if necessary we can assume that Fj is a chain complex of the
form
0—=Fg—F4 11— —=F —Fy—0.

There is a short exact sequence of chain complexes
0—+F —-F,—F'—0
where F! is the chain complex
0—=Fg1——=F = F—0.

and F) is the chain complex concentrated at dimension d with Fj = Fy. By induction
HY(G; F!) =0 for all i € Z, and by Exercise HY(G; F") =0 for all i € Z. Hence now the
result follows from Lemma [44] O

4.2 Browder’s Theorem

The exponent of a finite abelian group A is defined as the smallest positive integer n such
that na = 0 for all a € A. We denote the exponent of A by expA. A nonnegative chain
complex C of ZG-modules is said to be connected if Hy(C,) = Z. A nonnegative chain
complex C, is finite-dimensional if there is an integer d such that Cy # 0 and C; = 0 for
all ¢ > d. In this case we say d is the dimension of C,. By convention C, = 0 is also
finite-dimensional with dimension —1.

The main purpose of this section is to prove the following theorem due to Browder [7].

Theorem 46 (Browder [7]). Let Ci be a nonnegative chain complex of free ZG-modules. If
C is connected and finite-dimensional, then |G| divides H;h:r?o* expHITL(G; Hj(Cy)).

Proof. We will give a proof of Browder’s theorem using a hypercohomology spectral sequence
that converges to the Tate hypercohomology H* (G; Cy). To construct this spectral sequence,
consider the double complex DY = Homgg(F), C—,4) where the vertical and horizontal dif-
ferentials are given by §, = Hom(—, %) and §, = Hom(9!', —). For this construction we
assume that Cj is a finite-dimensional, nonnegative chain complex of ZG-modules. Then the
total complex TotD** is the chain complex with

Tot"D** = @ D" = @ Homgg(F,, C-,)
ptg=n ptg=n

19



and 6" = ¢, — (—1)"0,. Note that the total complex TotD** is isomorphic to the cochain
complex omg(Fx,Cy) defined earlier. Filtering this double complex with respect to the
index p and then with respect to the index g, we obtain two spectral sequences

TEPY — HP(Gy H_o(C.)) = HPY(G; C,)

HEpa — f9(G;C_,) = HPY(G; C).

If C, is a chain complex of free ZG-modules, then ! EPY = HY(G; C_p) = 0 for all p,q. This

implies that H "(G;Cy) = 0 for all n. This gives a strong restriction on the first spectral
sequence. Note that since C, is nonnegative, E;"* is nonzero only on the lower half plane.
If C. is connected, then IEg’O — HP(G;Z). In particular, IES’O = 7/|G|Z by Lemma For
each r > 2, the differentials out of 1 ES 0 are of the form

0,0 . I 70,0 I ror,—r+1
d;” By =B .

Since the generator of ! ES:O > 7Z/|G|Z does not survive to Ex-page (because the Fo.-page
is zero), we can conclude that |G| divides the product Hffﬁc"ﬂ exp . Since for each
r> 2, B s a subquotient of E’z"’”qu1 — H"(G; H,_1(C,)), we know that expEn T

divides ezpH™(G; Hy_1(C,)). Using this, we obtain that |G| divides the product

E;,fr+l

dim Cix+1 R dim C ‘
H expH" (G; H,—1(Cy)) = H expH TH(G; H;(C.)).
r=2 j=1

O

As a corollary of Theorem [46] Browder gives a proof for Theorem [ Note that if C, =
C.(X) for some finite-dimensional G-CW-complex X homotopy equivalent to (S™)¥, then
H,(X) is nonzero in exactly & many positive dimensions. If G = (Z/p)" and M is a trivial
ZG-module, then expH(G; M) divides p for all i > 1. So, from the conclusion of Theorem
one obtains that |G| = p” divides p*, which gives r < k.

The method of exponents are also used to study G-CW-complexes with non trivial isotropy
subgroups and for these type of actions a theorem similar to Theorem [46] is proved by Adem
in [1J.

In [2], Adem and Browder proves Theorem The main algebraic input for the proof
is certain dimension inequalities for the representations of G = (Z/p)" over p-local integers
Z(p)- The main topological ingredient is the following theorem.

Theorem 47 ([2, Thm 1.1]). Let G = (Z/p)" act freely on an orientable Z,)-homology
manifold X with H*(X; Zy)) = H*((S”)k;Z(p)), then

dim H,(X;F,)% > rkH
where H < G is the subgroup of elements in G acting trivially on H.(X;Z,))-

The proof of this theorem also uses an argument with exponents of cohomology groups.
We refer the reader to the original paper [2] for this proof.
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5 Free Actions on Products of Spheres at High Dimensions

5.1 Habegger’s Theorem

Let Cy and D, be two chain complexes of ZG-modules. We say that D, is an extension of
C, by a finite length chain complex of free modules if there is short exact sequence of chain
complexes either of the form 0 — Cy — D, — F, — 0, or of the form 0 — F, —» D, — C, —
0, where F, is a finite length chain complex of free modules. The chain complexes C, and D,
are freely equivalent if there is a sequence of chain complexes C, = E?,E! ... E" = D,
such that either E! is an extension of Ei~! or Ei~! is an extension of E! by a finite length
chain complex of free modules. As a corollary of Proposition 45| and Lemma [44] we have:

[a=d

Corollary 48. If two chain complexes Cy and D, are freely equivalent, then ﬁ[i(G, Cy)
H(G, D) for all i.

In [I8, p. 433-434], Habegger uses a technique to “glue” homology groups of a chain
complex at different dimensions. This technique will be crucial in the proof of Theorem
Before we state Habegger’s theorem, we recall the definition of syzygies of modules.

Definition 49. For every positive integer n, the n-th syzygy of a ZG-module M is defined
as the kernel of 9,,_1 in a partial resolution of the form

Py 28 R, 2P 2 M0
where Py, ..., P,_1 are projective ZG-modules. We denote the n-th syzygy of M by Q"M
and by convention we take QOM = M.

The n-th syzygy of a module M is well-defined only up to stable equivalence. Recall that
two ZG-modules M and N are called stably equivalent if there are projective ZG-modules
P and @ such that M & P = N @ (). Well-definedness of syzygies up to stable equivalence
follows from a generalization of Schanuel’s lemma (see [8, p. 193]). If M and N are two
stably equivalent ZG-modules, then H (G, M) = H {(G,N) for all i. Since we are interested
in cohomology groups with coefficients in these modules, we will ignore the fact that syzygies
are well-defined only up to stable equivalence and treat (2" M as a unique module depending
only on M and n.

Theorem 50 (Habegger [18]). Let C. be a chain complex of ZG-modules and n,m are
integers such that m < n. If Hy(Cy) = 0 for all k with m < k < n, then C, is freely
equivalent to a chain complex D, such that

(i) H;(D,) = H;(Cy) for every i # n,m;
(ii) Hpn (D) =0, and;
(iii) there is an exact sequence of ZG-modules

0— H,(Cy) = Hp(Dy) — Q" ™H,,(Cy) — 0.

Proof. Let F,_1 — --+ — F,, — Hp,(Cy) — 0 be an exact sequence of ZG-modules where

Fo., ..., F,—1 are free modules. Consider the following diagram
— 0 — F,qy — -+ — Fpy1 — F,, — Hyp(C) — 0
o]
- — C, — Chpy — - — Cpyy1 — Zyy — Hp(C) — 0
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where Z,,, denotes the group of m-cycles in C,. Since all F;’s are free and the bottom row has
no homology at dimensions less than n, the identity map extends to a chain map f. : F, — C’,
between these chain complexes. This gives a chain map f, : Fi, — C, as follows

— 0 — Fy — - — Fpyy — Fp— 0 —
l fn—ll fm+1l fml l
- — )y, — Chpy — - — Oy — Cpy — Cpg —— -+

where the maps f; : F; — C; for i > m + 1 are the same as the maps f, in the first diagram
above, and the map f,, : Fi, = C), is defined as the composition

FoInz oo

Now, let D, be the mapping cone of f, : Fi, — C,. There is a short exact sequence
0—=C,— D, — XF,—0,

so C, is freely equivalent to D,. Consider the corresponding long exact sequence of homology
groups

C s Hi(R) S =0 — Hi(DY) — Hio(F) — -

Assume first that n > m 4+ 1. Then F, has at least two terms and its homology is
nonzero only at two dimensions n — 1 and m. So, H;(C.) = H;(D,) for all i such that
i #m,m+1,n—1,n. At dimension m, the map f. : Hp(Fy) = Hp(Cy) is an isomorphism,
so we get Hy,(Dy) = Hyp1(Dy) = 0. At dimension n — 1, we have H,,_1(Cy) = 0, so we get
H,_1(D,) = 0. We also have a short exact sequence of the form

0 — H,(C.) — H,(D,) — Hp_1(F,) — 0.

Since Hy,_1(Fy) = Q""" (H,,(Cy)), this gives the desired result.

If n =m + 1, then F, has a single term F},,, so we have a sequence of the form

0 — Hp(C.) — Ho(Dy) — Fp L% HW(C) — Hyp(Dy) — 0.

Since f, is surjective by construction, we conclude that H,,(D.) = 0 and there is a short
exact sequence of the form

0 — H,(C.) — Hp(D,) — QYHpn(Cy) — 0

as desired. ]

5.2 Proof of Okutan-Yal¢cin Theorem

In this section we give a proof of Theorem [§ stated in the introduction. Let G = (Z/p)" and
k, I be positive integers. Suppose that G acts freely and cellularly on some CW-complex X
homotopy equivalent to S™' x --- x S™ where |n; —n;| <[ for all 4,j. Let n = max{n; :
i =1,...,k} and let a; = n — n; for all i. Consider the cellular chain complex C.(X) of
the CW-complex X. The complex C,(X) is a nonnegative, connected, and finite-dimensional
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chain complex of free ZG-modules and has nonzero homology only at the following dimensions
other than dimension zero:

(1) n—ai,n—as,...,n—a
(2) 2n—a; —a9,2n—a; —as,...,2n —ax_1 — ag

(4) jn—(a1+---+aj),....,jn— (ag—j41 + -+ ag)

(k) kn — (a1 +as+ -+ ag).

If n > Ik, then we have n > a1+ - - +aj which implies that for all j, the dimensions listed
on the j-th row are strictly larger than the dimensions listed on the previous rows. Since this
fact is important for our argument, we will assume that the integer N in the statement of
the theorem satisfies N > lk to guarantee that this condition holds.

Now we can apply Habegger’s argument given in Theorem [50|to glue step by step all the
homology groups at the dimensions listed on the j-th row above to the homology at dimension
jn for all j = 1,...,k. The resulting complex D, is a connected, finite-dimensional chain
complex of free ZG-modules which has homology only at dimensions 0,n,2n,...,kn. Let
M; := Hj,(Dy) for all j = 1,...,k. Note that by construction M; is a finitely-generated
ZG-module for all j since syzygies of finitely-generated ZG-modules are finitely-generated
when G is a finite group.

To estimate the exponents of cohomology groups with coefficients in M;’s we need the
following observation due to Pakianathan [27].

Lemma 51. Let G = (Z/p)" and M be a finitely-generated ZG-module. Then, there is an
integer N such that the exponent of H' (G, M) divides p for all i > N.

Proof. By Theorem 7.4.1 in [16} p. 87], H*(G, M) is a finitely-generated module over the ring
H*(G,Z). Let uy,...,ux be homogeneous elements generating H*(G, M) as an H*(G,Z)-
module and let N = 1 + max;{degu;}. If i > N and 2 € HY(G, M), then we can write
T = Z?Zlajuj for some homogeneous elements «; in H*(G,Z) with dega; > 1 for all j.
Since expH'(G,Z) divides p for all i > 1, we have pa; = 0 for all j. Hence we obtain pz = 0
as desired. O

Now we can apply Lemma [51] to find an integer N; for each j such that if ¢ > N;, then
expH'(G, M;) divides p. Suppose that for a fixed G = (Z/p)", k, and [, there are only finitely
many possibilities for ZG-modules M;’s up to stable equivalence. If this is the case, then the
proof can be completed by the following argument:

Let NJ"** be the maximum of Nj’s over all possible M;. Then for each j such that if
i = N, then expH (G, M;) divides p for all possible M;’s that may occur. Let N =
max; N, By Theorem {46} we have |G| = p" divides

k k
[T E"HG; Hjn(Dy) = [ #7"H(Gs My).
j=1 j=1

So, if n > N, then p" divides p*¥ which gives r < k as desired.
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Hence to complete the proof, it only remains to show that for fixed G = (Z/p)", k, and
[, there are only finitely many possibilities for ZG-modules M;’s up to stable equivalence.
To show this, first note that for a fixed [, there are finitely many k-tuples (aq, ..., ax) with
the property that 0 < a; < [ for all . So we can assume that we have a fixed k-tuple

(a1,...,ax). Let us also fix an integer j and show there are only finitely many possibilities
for Mj = Hjn(D*)
Let s1 < -+ < s, be a sequence of integers such that {jn — s1,...,jn — s,,} is the set

of all distinct dimensions on the j-th row of the above diagram. Note that the complex D,
is constructed with the repeated usage of Theorem so the module M; = Hj,(D,) has a
filtration

0=KyC K C---CKy=DM;

such that K;/K; 1 = Q% (A;) where A; = Hj,—,(X). For all 4, the module A; is a Z-free
ZG-module with rkyA; < (];) We can now use the following theorem due to Jordan and
Zassenhaus.

Theorem 52 (Cor 79.12 in [I5], p. 563]). Let G be a finite group and d a positive integer.
Then there are only finitely many Z-free ZG-modules with dimension < d.

Since rkzA; < (’;), by Jordan-Zassenhaus theorem, there are finitely many possibilities
for A;’s up to isomorphism. Now we will inductively show that there are also only finitely
many possibilities for K;’s up to stable equivalence. For i = 1, we have K1 = Q°( A1) so this
follows from the fact that there are only finitely many possibilities for A; and that syzygies are
well-defined up to stable equivalence. For ¢ > 1, consider the following short exact sequence:

0 — Ki—l e Kz e QSzAZ — 0.

By induction we know that there are only a finite number of possibilities for K;_1’s up to
stable equivalence. By a similar argument as above, the same is true for Q% (A;). The
extensions like the ones above are classified by the ext-group Ext} (9% (4;), K;_1) and since
both modules are Z-free, these ext-groups are well-defined up to stable equivalence. So, it
remains to show that

Exthe(Q%(A), K;1) = Extiii! (A, Ki_q)

is a finite group. Since both A; and K;_1 are finitely generated, ExtSZ"(}L 1(AZ-, K;_1) is a finitely
generated abelian group. Moreover, since A; is Z-free, it has an exponent divisible by |G|.
So, Ext%g 1(Ai, K;_1) is a finite group. Hence there are only a finite number of possibilities
for K;’s up to stable equivalence. This completes the proof that there are only finitely many
possibilities for M;’s up to stable equivalence, Hence the proof of Theorem |§| is complete.
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